Abstract. Let p be a prime and let G be a finite group. By a celebrated theorem of Swan, two finitely generated projective Z p [G]-modules P and P are isomorphic if and only if Q p ⊗ Zp P and Q p ⊗ Zp P are isomorphic as Q p [G]-modules. We prove an Iwasawa-theoretic analogue of this result and apply this to the Iwasawa theory of local and global fields. We thereby determine the structure of natural Iwasawa modules up to (pseudo-)isomorphism.
Introduction
Let p be a prime and let G be a profinite group. We denote the complete group algebra of G over Z p by Λ(G). In classical Iwasawa theory one studies modules over Λ(Γ) with Γ Z p up to pseudo-isomorphism. Jannsen [Jan89] has proposed a method for studying Λ(G)-modules up to isomorphism, which in fact works for more general G.
In equivariant Iwasawa theory one is often concerned with the case where G is a onedimensional p-adic Lie group. Then G may be written as a semi-direct product H Γ with a finite normal subgroup H and Γ Z p . Jannsen's theory works particularly nice if G = H × Γ is a direct product and p does not divide the cardinality of H (see [NSW08,  Chapter XI, §2 and §3]).
As a concrete example, let L/K be a finite Galois extension of p-adic fields with Galois group H, where a p-adic field shall always mean a finite extension of Q p in this article. Let L ∞ be the cyclotomic Z p -extension of L. We denote the n-th layer of the Z p -extension L ∞ /L by L n as usual. Assume that p does not divide |H| so that G := Gal(L ∞ /K) decomposes into a direct product H × Γ with Γ Z p . Let us denote the group of principal units in a local field F by U 1 (F ) and consider the inverse limit algebras as crossed products allows us to deduce our Iwasawa-theoretic analogue of Swan's theorem from the aforementioned result of Ardakov and Wadsley (see Corollary 2.12). In §3 we review the homotopy theory of Iwasawa modules and prove several auxiliary results for later use. In §4 we study the Iwasawa theory of local fields. In particular, our analogue of Swan's theorem allows us to show that (1.1) remains true for arbitrary one-dimensional p-adic Lie extensions of K after localization at an arbitrary height 1 prime ideal. Finally, we consider cyclotomic Z p -extensions of number fields in §5, where we prove analogues of [NSW08, Theorem 11.3 .11] for arbitrary one-dimensional p-adic Lie extensions containing the cyclotomic Z p -extension.
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Notation and conventions. All rings are assumed to have an identity element and all modules are assumed to be left modules unless otherwise stated. If K is a field, we denote its absolute Galois group by G K . If R is a ring and M is an R-module, we let pd R (M ) be the projective dimension of M over R.
A generalization of Swan's theorem
2.1. Grothendieck groups. For further details and background on Grothendieck groups and algebraic K-theory used in this section, we refer the reader to [CR87] and [Swa68] . Let Λ be a noetherian ring and Mod(Λ) be the category of all Λ-modules. We denote the full subcategories of all finitely generated and finitely generated projective Λ-modules by Mod f g (Λ) and PMod(Λ), respectively. We let G 0 (Λ) and K 0 (Λ) be the Grothendieck groups of Mod f g (Λ) and PMod(Λ), respectively (see [CR87, §38] ). The natural inclusion functor PMod(Λ) → Mod f g (Λ) induces a homomorphism
which is called the Cartan map or the Cartan homomorphism. We recall the following result (see [CR87, Proposition 38 .22]).
Lemma 2.1. Let P, P ∈ PMod(Λ). Then we have [P ] = [P ] in K 0 (Λ) if and only if P ⊕ Q P ⊕ Q for some Q ∈ PMod(Λ).
We write K 1 (Λ) for the Whitehead group of Λ, which is the abelianized infinite general linear group (see [CR87, §40] ). We denote the relative algebraic K-group corresponding to a ring homomorphism Λ → Λ by K 0 (Λ, Λ ). We recall that K 0 (Λ, Λ ) is an abelian group with generators [X, g, Y ] where X and Y are finitely generated projective Λ-modules and g : Λ ⊗ Λ X → Λ ⊗ Λ Y is an isomorphism of Λ -modules; for a full description in terms of generators and relations, we refer the reader to [Swa68, p. 215] . Furthermore, there is a long exact sequence of relative K-theory (see [Swa68,  Chapter 15]) (2.1)
2.2. The decomposition map. Let R be a discrete valuation ring with maximal ideal m and uniformizer π. We denote the field of fractions of R by K and let k := R/m be the residue field. Let A be a finite dimensional K-algebra and let Λ be an R-order in A. We put Ω := k ⊗ R Λ, which is a finite dimensional k-algebra. Note that A and Ω are artinian (and thus noetherian) rings so that every finitely generated module has a composition series and satisfies the Jordan-Hölder theorem [CR81, Theorem 3.11].
We also observe that every finitely generated A-module V contains a full Λ-lattice.
As R is a discrete valuation ring, every finitely generated torsionfree R-module is in fact free, and so M is a full Λ-lattice in V . We put M := M/mM = k⊗ R M , which is a finitely generated Ω-module.
Proposition 2.2. There is a unique homomorphism of abelian groups
Proof of Proposition 2.2. The proof is similar to that of [CR81, Proposition 16.17] , where the case of group rings is considered. We repeat the argument for convenience of the reader.
Let V be a finitely generated A-module and choose a full Λ-lattice M in V . We first show that the class [M ] As M + N is also a full lattice in V , we may assume that N is properly contained in M . Since M is noetherian, we may in addition assume that N is a maximal Λ-submodule of M . We claim that πM ⊆ N . Otherwise, the chain of inclusions N N + πM ⊆ M gives N + πM = M by maximality of N . Then Nakayama's Lemma implies N = M , contrary to our assumption. Now consider the chain of inclusions
We see that M and N share the composition factors of N/πM . Thus it suffices to show that M/N and πM/πN have the same composition factors; but this is clear as multiplication by π induces an isomorphism M/N πM/πN .
. We have to show that d is additive on short exact sequences. Given a short exact sequence of finitely generated A-modules
choose a full Λ-lattice M 2 in V 2 and define M 3 := φ(M 2 ) and M 1 := M 2 ∩ V 1 . Then we have a short exact sequence of Λ-modules
and it is not hard to see that M 1 and M 3 are full Λ-lattices in V 1 and V 3 , respectively. As M 3 is a free R-module, tensoring sequence (2.2) with k preserves exactness so that we obtain a short exact sequence of Ω-modules
Thus we get
2.3. The Cartan-Brauer square. We denote the radical of a ring S by rad(S). We put Λ := Λ/rad(Λ) = Ω/rad(Ω). ThenΛ is a semisimple artinian ring, and Λ is semiperfect if and only if every idempotent inΛ is the image of an idempotent in Λ. Note that Ω is always semiperfect by [CR81, Propositions 6.5 and 6.7].
Remark 2.4. The ring Λ is semiperfect whenever R is complete [CR81, Propositions 6.5 and 6.7] or A is a split semisimple K-algebra [CR81, Exercise 16].
Let us consider the following commutative square
where for P ∈ PMod(Λ) we have b(
We call (2.3) the Cartan-Brauer square.
Proposition 2.5. The homomorphism b :
Proof. Let P, P ∈ PMod(Λ) and assume that [P ] = [P ] in K 0 (Ω). By Lemma 2.1 there exists an S ∈ PMod(Ω) such that P ⊕ S P ⊕ S. We may assume that S is free and thus in particular that S Q for some Q ∈ PMod(Λ). We claim that P ⊕ Q P ⊕ Q. . Now suppose that Λ is semiperfect and let Q ∈ PMod(Ω). In order to show that b is surjective, it suffices to find P ∈ PMod(Λ) such that P Q. Let us putQ := Q/rad(Ω)Q ∈ PMod(Λ). Then there is a P ∈ PMod(Λ) such that P/rad(Λ)P Q by [CR81, Theorem 6.23]. Then both P and Q are finitely generated projective Ω-modules and projective covers ofQ by [ 
The following result might be seen as an abstract version of Swan' 
Corollary 2.7. Let P, P ∈ PMod(Λ) and suppose that the Cartan map c is injective. Then P P as Λ-modules if and only if K ⊗ R P K ⊗ R P as A-modules.
Proof. As the map b is injective by Proposition 2.5 and the Cartan map c is injective by assumption, also the map e in diagram (2.3) has to be injective. Now assume that K ⊗ R P K ⊗ R P as A-modules. Then we have in particular that e([P ]) = e([P ]) in G 0 (A) and thus [P ] = [P ] in K 0 (Λ). By Lemma 2.1 there is a finitely generated projective Λ-module Q such that P ⊕ Q P ⊕ Q. In order to deduce P P we may In view of Corollary 2.7 it is an interesting question of study in which cases the Cartan map is injective. For this the following observation will be very useful. 2.4. Crossed products. Let G be a finite group and let R be a ring. Recall from [MR01, 1.5.8] that a crossed product of R by G is an associative ring R * G which contains R as a subring and a set of units U G = {u g | g ∈ G} of cardinality |G| such that (i) R * G is a free R-module with basis U G ;
(ii) for all g, h ∈ G one has u g R = Ru g and u g · u h R = u gh R. We need the following result which immediately follows from Lemma 2.9 and a theorem of Ardakov and Wadsley [AW10, §1.1] (where Brauer's theorem again appears as a key step in the proof).
Theorem 2.10. Let G be a finite group and let k be a field. Then for every crossed product of k by G, the Cartan map
is injective with finite cokernel.
2.5. Iwasawa algebras. Let p be a prime and G be a profinite group. The complete group algebra of G over Z p is
where the inverse limit is taken over all open normal subgroups N of G. Then Λ(G) is a compact Z p -algebra and we denote the kernel of the natural augmentation map
M be the module of coinvariants of M . This is the maximal quotient module of M with trivial G-action. Similarly, we denote the maximal submodule of M upon which G acts trivially by M G . Now suppose that G contains a finite normal subgroup H such that G/H Z p . Then G may be written as a semi-direct product G = H Γ where Γ Z p . In other words, G is a one-dimensional p-adic Lie group.
If F is a finite field extension of Q p with ring of integers
We fix a topological generator γ of Γ. Since any homomorphism Γ → Aut(H) must have open kernel, we may choose a natural number n such that γ p n is central in G; we fix such an n.
. This is a discrete valuation ring and we denote its residue field by Ω
. We therefore have the following special case of Theorem 2.10.
Proposition 2.11. Let p be a prime ideal in Λ O (Γ 0 ) of height 1. Then the Cartan map
The analogue of Swan's theorem for Iwasawa algebras is now easily established:
Proof. This immediately follows from Corollary 2.7 and Proposition 2.11.
Remark 2.13. If G = H ×Γ is a direct product, then Corollary 2.12 is a direct consequence of Swan's original theorem (Corollary 2.8). We now explain why even Hattori's more general approach [Hat65] (see [CR81, Theorem 32.5]) to Swan's theorem does not imply Corollary 2.12 if G = H Γ is only a semi-direct product. Assume for simplicity that G is a pro-p-group and that O = Z p . If G = H Γ is not a direct product, then any choice of Γ 0 will be a proper subgroup of Γ. Let ∆(H) be the (left) ideal of Ω (p) (G) generated by the elements h − 1, h ∈ H. Then ∆(H) is nilpotent and thus contained in the radical r := rad(Ω (p) (G)) by [CR81, Proposition 5.15]. However, we have that
is an inseparable field extension of Ω (p) (Γ 0 ). Hence r = ∆(H) and Ω (p) (G)/r is not a separable Ω (p) (Γ 0 )-algebra as it would be required for Hattori's theorem.
Corollary 2.14. Let p be a prime ideal in Λ O (Γ 0 ) of height 1. Then the connecting homomorphism
is surjective.
Proof. This follows from the long exact sequence (2.1) and Corollary 2.12.
Corollary 2.15. Let p be a prime ideal in Λ O (Γ 0 ) of height 1. Then the connecting homomorphism
Proof. Consider the long exact sequences (2.1) for the three occurring pairs. The connecting homomorphism
is surjective by [Wit13, Corollary 3.8]. The result follows from Corollary 2.14 by an easy diagram chase. 
that on objects is given as follows. Let M be a finitely presented Λ-module and choose a presentation P 1 → P 0 → M → 0 by finitely generated projective Λ-modules. Then DM is defined by the exact sequence 
where φ M is the canonical map of M to its bidual.
Homotopy of Iwasawa modules.
Let G be a one-dimensional p-adic Lie group. As in subsection §2.5 we choose a central subgroup Γ 0 Z p in G and view Λ(G) as a Λ(Γ 0 )-order in Q(G). We denote the set of prime ideals in Λ(Γ 0 ) of height 1 by P 0 . We let : Q(G) → Q(G) be the anti-involution that maps each group element g ∈ G to its inverse. For every p ∈ P 0 we have p := x | x ∈ p ∈ P 0 and in particular an equality (Λ p (G)) = Λ p (G).
The functors D and E i interchange left and right Λ-action. If Λ = Λ(G) is the Iwasawa algebra, then we have a natural equivalence between left and right modules, induced by the anti-involution . We then endow DM and E i (M ) with this left module structure. Namely, for λ ∈ Λ(G) and x ∈ DM or x ∈ E i (M ) we let λ · x := x · λ . Similarly, if Λ = Λ p (G) for some p ∈ P 0 , then for every finitely presented left Λ p (G)-module M , the transpose DM and E i (M ) are natural left Λ p (G)-modules. The functors D and E i then commute with localization in the sense that for every prime ideal p of Λ(Γ 0 ) we have DM p = (DM ) p and E i (M p ) = E i (M ) p ; here and in the following the notation DM p always means the transpose of M p and not the localization of DM at p. In particular, for every finitely generated Λ(G)-module M and every p ∈ P 0 we have
In fact, we have the following result which will often be used without reference.
Lemma 3.1. Let G be a one-dimensional p-adic Lie group and let p ∈ P 0 . Then E 2 (M ) vanishes for every finitely generated Λ p (G)-module M . In particular, there is an exact sequence
induced by φ M is an injective pseudo-isomorphism by (the proof of) [NSW08, Proposition 5.1.8]. Then sequence (3.1) implies that E 2 (DM ) is pseudo-null as a Λ p (Γ 0 )-module and thus vanishes, since Λ p (Γ 0 ) is a discrete valuation ring. Applying this argument to DM , we obtain E 2 (M ) E 2 (DDM ) = 0.
Lemma 3.2. Let G be a one-dimensional p-adic Lie group and let Λ be either the Iwasawa algebra Λ(G) or Λ p (G) for some prime ideal p ∈ P 0 . Let M be a finitely generated Λ-module such that M ++ has finite projective dimension. Then the Λ -module M + and the Λ-module M ++ are indeed projective.
Proof. We assume that Λ = Λ(G); the other case can be treated similarly. We put d := pd Λ(G) (M ++ ) and choose a projective resolution
As M + and M ++ are reflexive and thus free as a Λ(Γ 0 )-modules by [NSW08, Propositions 5.1.9 and 5.4.17], this induces an exact sequence of Λ(G)-modules
The result follows.
The next result shows that Lemma 3.2 is only interesting if Λ = Λ(G) or Λ = Λ (p) (G).
Lemma 3.3. Let p ∈ P 0 be a prime ideal and assume that p = (p). Let M be a finitely generated 
for all i ≥ 0. This gives the converse implication. Corollary 3.5. Let p ∈ P 0 be a prime ideal and assume that p = (p). Then every finitely generated Λ p (G)-module has projective dimension at most 1.
Corollary 3.6. Let p ∈ P 0 be a prime ideal and assume that p = (p). Let M be a finitely generated Λ p (G)-module. Then there is an isomorphism
Proof. This follows from Lemma 3.1 and Lemma 3.3.
Corollary 3.7. For every p ∈ P 0 the Λ p (G)-module ∆(G) p is free of rank 1.
Proof. We identify Λ(Γ 0 ) with the power series ring Z p T as usual. If p = (T ) then (Z p ) p vanishes so that the exact sequence 
Iwasawa theory of local fields
4.1. Galois cohomology. If F is a field and M is a topological G F -module, we write RΓ(F, M ) for the complex of continuous cochains of G F with coefficients in M and H i (F, M ) for its cohomology in degree i. We likewise write H i (F, M ) for the i-th homology group of G F with coefficients in M . If F is an algebraic extension of Q p or Q and M is a discrete or compact G F -module, then for r ∈ Z we denote the r-th Tate twist of M by M (r). For an abelian group A we write A for its p-completion, that is A = lim ← −n A/p n A. Let L/K be a finite Galois extension of p-adic fields with Galois group G. Let L ∞ be an arbitrary Z p -extension of L with Galois group Γ L and for each n ∈ N let L n be its n-th layer. We assume that L ∞ /K is again a Galois extension with Galois group G := Gal(L ∞ /K). We let X L∞ denote the Galois group over L ∞ of the maximal abelian pro-p-extension of L ∞ . We put
and observe that pd Λ(G) (Y L∞ ) ≤ 1 by [NSW08, Theorem 7.4.2]. As H 1 (L ∞ , Z p ) canonically identifies with X L∞ , taking G L∞ -coinvariants of the obvious short exact sequence . This sequence will be crucial in the following.
Remark 4.1. The middle arrow in (4.1) defines a (perfect) complex of Λ(G)-modules
If we place Y L∞ in degree 1, then this complex and In order to verify this conjecture, one may localize at the height 1 prime ideal (p) by [Nic, Corollary 6.7] . This has motivated our interest in the Λ (p) (G)-module structure of (X L∞ ) (p) .
For any p-adic field F , we denote the group of principal units in
where the transition maps are given by the norm maps. We
Taking inverse limits over all n induces an exact sequence of Λ(G)-modules Lemma 4.2. For every p ∈ P 0 the following holds.
Proof. Sequence (4.1) and Corollary 3.7 imply (i). For (ii) we compute
We denote the group of p-power roots of unity in
∨ with the contragredient G-action.
Theorem 4.3. Put n := [K : Q p ]. Then for every p ∈ P 0 the following holds.
Proof. We first note that it suffices to prove the result for (Y L∞ ) p . 
by [NSW08, Proposition 5.6.9]. We first assume that 
Corollary 4.4. For every p ∈ P 0 we have an isomorphism of Λ p (G)-modules
In particular, the following holds. 
The exact sequence (4.2) localized at p induces a long exact sequence of Λ p (G)-modules
As we have an isomorphism E 1 ((Z p ) p ) (Z p ) p , the second arrow is the zero map by (4.5). Since E i ((Z p ) p ) vanishes for i = 1, we obtain an isomorphism of Λ p (G)-modules
In particular
.8] and (3.1) imply that
which in particular has projective dimension at most 1. It follows that
have finite projective dimension by (4.2), Lemma 4.2 and the exact sequence
is indeed a projective Λ p (G)-module by Lemma 3.2. We have
n by Theorem 4.3. It now follows from Corollary 2.12 that
is a free Λ p (G)-module of rank n. Sequence (4.6) splits giving the claim. 4.3. Iwasawa theory of -adic fields. We briefly discuss the case where L/K is a finite Galois extension of -adic fields with p = . Then L has a unique Z p -extension L ∞ , namely the unramified Z p -extension. We again define G := Gal(L ∞ /K). For each n ≥ 0, the valuation map induces an exact sequence
Taking inverse limits over all n yields an isomorphism of Λ(G)-modules
The following result is therefore clear (see also [NSW08, Theorem 11.2.3(ii)]). We let ζ p be a primitive p-th roof of unity.
Lemma 4.5. For = p we have X L∞ Z p (1) if ζ p ∈ L and X L∞ = 0 otherwise.
Iwasawa theory of number fields
5.1. The relevant Galois groups. In this section we consider a finite Galois extension L/K of number fields with Galois group G. Let p be a prime and let L ∞ be the cyclotomic Z p -extension of L with n-th layer L n . We will assume throughout that K is totally imaginary if p = 2.
We put G := Gal(L ∞ /K) which is a one-dimensional p-adic Lie group. We may write G H Γ, where H naturally identifies with a subgroup of G and Γ Z p . For every place v of K we choose a place w ∞ of L ∞ above v and let G v be the decomposition group at w ∞ . We denote the place of L below w ∞ by w and the completion of L at w by L w .
We choose a finite set S of places of K containing all archimedean places and all places that ramify in L ∞ /K. In particular, all p-adic places lie in S. We denote the ring of integers in L by O L and the ring of S(L)-integers by O L,S , where S(L) denotes the set of places of L above those in S.
We let M S be the maximal pro-p-extension of L which is unramified outside S. We put 
with exact rows and columns, where R and N are the kernels of . We let r 1 and r 2 be the number of real and complex places of K, respectively. We let S ∞ be the set of real places of K becoming complex in L ∞ and put r 1 := |S ∞ |. If we choose d greater than or equal to r 2 + r 1 + 1, then we have an isomorphism of Λ(G)-modules 
5.2.
Global and semi-local Iwasawa modules. Let X S := H ab S be the abelianization of H S . Then X S is a finitely generated Λ(G)-module by [NSW08, Proposition 11.3.1]. We also consider the 'standard' Iwasawa module X nr , which is the Galois group over L ∞ of the maximal unramified abelian pro-p-extension of L ∞ , and the quotient X S cs of X nr that corresponds to the maximal subextension which is completely decomposed at all primes above S. For a finite place v of K we define
Here, L w,∞ always denotes the cyclotomic Z p -extension of L w . We let S f be the subset of S comprising all finite places in S. We then define Λ(G)-modules
Finally, we let
Since the weak Leopoldt conjecture holds for the cyclotomic 5.3. Structure of global Iwasawa modules. We now determine the structure of the above Iwasawa modules after localization at a prime ideal p ∈ P 0 . We begin with the semi-local Iwasawa modules.
Proposition 5.1. Let S f (ζ p ) be the set of all finite places v in S such that ζ p ∈ L w and put n := [K : Q]. Then for every p ∈ P 0 we have isomorphisms of Λ p (G)-modules
In particular, we have pd Λp(G) ((A S ) p ) = pd Λp(G) ((U S ) p ) ≤ 1.
projective Λ p (G)-modules. By Corollary 2.12 it now suffices to compute Q(G) ⊗ Λ(G) X
